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We calculate small correction terms to gravitational potential near p-branes embedded in a con-
stant NS B field background in the context of M-theory or string theory. The normalizable wave
functions of gravity fluctuations around the brane describe only massive modes. We compute such
wave functions analytically. We estimate the correction to gravitational potential for small and
long distances, and show that there is an intermediate range of distances in which we can identify
4D gravity on the brane below a crossover scale given in terms of components of the B field. The
4D gravity is metastable and for distances much larger than the crossover scale the 5D gravity is
recovered.
I. INTRODUCTION
In the original idea of Randall and Sundrum (RS) [1] scenario, the five-dimensional gravity is coupled to a negative
cosmological constant and a 3−brane sourced by a delta function. The solution in such setup is a symmetric solution
given in terms of two copies of AdS5 spaces patched together along the 3−brane. Although in this setup the fifth
dimension is infinite the volume of the 5D bulk space is finite because the geometry is warped. As a consequence
this allows the emergence of graviton zero mode responsible for 4D gravity on the brane. This is not necessary
true for spaces whose volume diverges, because no such zero mode emerges anymore. This was first shown by
Gregory-Rubakov-Sibiryakov (GRS) [2] and Dvali-Gabadadze-Porrati (DGP) [3]. The interesting consequence of such
an alternative setup is that 4D gravity on the 3−brane now emerges due to massive modes and then gravity is
metastable. However, gravity massive modes can live long enough before escaping from the 3−brane to produce 4D
gravity within a sufficiently large scale rc, the crossover scale. Two recent discussions on this matter involving thick
branes, scalar fields and supergravity can be found, e.g., in [4, 5].
In the present study we investigate such a scenario in braneworld models which arise from a sphere reduction
in M−theory or string theory, as the near horizon of p−branes with a constant background B field on the world-
volume, whose dual is a non-commutative Yang-Mills field theory [7]. Thus, based on the correspondence between
gauge theories and string theory in curved backgrounds, it is possible to investigate some important aspects of non-
commutative gauge theories considering gravity solutions with B fields. Such solutions provide dual descriptions of
non-commutative field theory which allow to analyze the phase structure and the corresponding validity of the dif-
ferent descriptions. One can calculate the two-points correlation function involving components of momentum in the
direction of the B field [7, 8]. In [9], were found that the examples where gravity-trapping emerges can all be lifted
back to become the near-horizon regions of M-branes or Dp−branes with p ≤ 5. These are precisely the branes for
which a natural gravity-decoupling limit exists, which is an indispensable condition for the possibility of establishing
a Domain-wall/QFT correspondence.
However, we shall consider string theoretic p−brane solutions, for the p > 5 case, to which the space of the extra
large dimension has infinite volume, where the DGP and GRS scenarios takes place, since as we shall show, this
produces massive graviton modes. We found a number of interesting results in this context. From the graviton
wave equation, in the background of 5D domain-walls that originate in string theory as p−branes in the constant
background B fields, we find that the massless graviton wave function is not normalizable for nonzero background B
fields, indicating that the massless graviton is not localized on the brane, however, there are massive gravitons localized
on the brane. In p = 6 case, as previously emphasized, we shall focus on 4D metastable gravity, that is, the fact
that gravity becomes four-dimensional for distances very much smaller than the crossover scale and five-dimensional
gravity for distances very much larger than such scale. In doing so, we shall find the Newtonian potential induced by
2the gravity massive modes of a Schroedinger-like equation for the gravity fluctuations around the brane solution.
The paper is organized as follows. In Sec. II we introduce the graviton wave equation and apply to a general
p−brane solution. We explore three examples. In Sec. III we make our final discussions.
II. THE GRAVITON WAVE EQUATION
In this section, will develop a general graviton wave equation in the background of five-dimensional domain-walls
that originate in string theory as p−branes in constant background B (we do not address explicitly the cases for
E fields here). Consider the metric of a p−brane expressed in the string frame in a constant NS B field in the 2,3
directions [7, 8]
ds210 = H
−1/2
(
− dx20 + dx21 + h (dx22 + dx23) + dy2i
)
+ l4s H
1/2
(
du2 + u2dΩ28−p
)
, (1)
where
H = 1 +
R7−p
l4s u
7−p ,
1
h
=
1
H
sin2θ + cos2θ,
u = r/l2s is a dimensionless radial parameter and i = 1, .., p− 3. The B field and dilaton are given by
B23 =
h
H
tan θ, e2ϕ = h g2s H
3−p
2 (2)
cosθ R7−p = Γ
(
7− p
2
)
gsl
p−3
s N(4π)
5−p
2 (3)
where N is the number of p-branes and gs is the asymptotic value of the coupling constant. The non-commutativity
parameter θ is related to the asymptotic value of the B field with B∞23 = tanθ [7].
Let us now, consider the following decoupling limit, in which the B field goes to infinity. The rescaling of the
parameters should be taken as in the following
ls → 0, l2stanθ = b, x2,3 =
b
l2s
x2,3, (4)
where b, u, x
λ
and gsl
p−5
s are maintained fixed. Thus,
ds2
l2s
=
( u
R
) 7−p
2
(
− dx20 + dx21 + h (dx22 + dx23) + dy2i
)
+
(
R
u
) 7−p
2 (
du2 + u2 dΩ28−p
)
, (5)
with h −1 = 1 + b2 (u/R)7−p.
One can see that for a D3-brane solution, i.e., p = 3, the metric (5) as u→ 0 describes the geometry of the AdS5×S5
spacetime. It was conjectured in [7] that this is the gravity dual of the Yang-Mills theory with noncommuting 2,3
coordinates.
For p 6= 5, we consider the change of coordinates to u/R ≡ (1 + k|z|)2/(p−5) (suggested in Ref. [9], which opens the
possibility of evaluating cases related to the sign of k), which leads us to
ds2
l2s
= (1 + k|z|) 7−pp−5 (−dx20 + dx21 + h (dx22 + dx23) + dy2i + dz2)+ (1 + k|z|) p−3p−5 dΩ28−p, (6)
where we have dropped the (−) on the coordinates.
We shall now address the issue of four-dimensional gravity localization on the remaining four worldvolume coordi-
nates after considering that yi are wrapped around a compact (p− 3)-dimensional manifold.
Recalling that the metric is expressed in string frame, the equation of motion for the graviton fluctuation Φ = g00 h01
is given by
∂M
√−g e−2ϕ gMN ∂N Φ = 0, (7)
where h01 is associated with the energy-momentum tensor component T01 of the Yang-Mills theory. For p 6= 5,
consider the ansatz [6]
φ(x, z) = φ(z) ei p.x = (1 + k|z|) 9−p2 (5−p) ψ(z) ei p.x. (8)
3Thus, we obtain a Schroedinger-like equation
− d
2
d z2
ψ(z) + U(z)ψ(z) = m2 ψ(z), (9)
where we have the potential
U(z) =
(p− 9)(3 p− 19) k2
4 (5− p)2(1 + k|z|)2 +
(p− 9)
(5− p) k δ(z) +
α2
(1 + k)2(7−p)(5− p) , (10)
with α ≡ b
√
p22 + p
2
3 and m
2 = −pµpµ, where µ = 0, 1, ..., p is a worldvolume index. The cases studied in this paper
are focused on D6-branes, i.e., p = 6 and the general form for the potential (10) now reduces to the following simplified
form
U(z) =
ν
(1/k + |z|)2 + 3 k δ(z), ν =
3
4
− α
2
k2
. (11)
The wave function solution can be written in general form
ψm(z) = Cm
√
1
k
+ |z|
[
Jν
(
m
(
1
k
+ |z|
))
− F (m)Nν
(
m
(
1
k
+ |z|
))]
(12)
where Jν and Nν are Bessel functions of the first and second kind, respectively and m are KK massive modes. Since
we are interested in the correction terms to the four-dimensional Newton law between two unit masses on the brane
then we repeat the procedure in this situation. It is necessary to obtain the probability of gravity with KK-modes on
the brane. The asymptotic behavior of |ψ (0) |2 depends on the magnitude of the argument in the Bessel functions
and the normalization factor Cm and F (m) certain conditions, i.e.
|Cm|2 = m
2 (F 2(m) + 1)
, (13)
F (m) =
(4 k + 2 ν k)Jν
(
m
k
)− 2mJν+1 (mk )
(4 k + 2 ν k)Nν
(
m
k
)− 2mNν+1 (mk ) . (14)
In such a regime, it is reasonable to approximate the potential generated by discrete massive graviton states as a
summation of Yukawa-like potentials, which makes the total effective potential to have the form [10–12]
V (r) = ψ20(0)
e−m0 r
r
+
∑
n
ψ2n(0)
e−mr
r
= V0 + δ V (r), (15)
where the first term is contribution of zero mode and the second term corresponds to the correction term
which is generated by the exchange of KK-modes. Now, using the Lommel’s formula, Jν+1(x)Nν(x) −
Nν+1(x)Jν(x) = 2/π x, the asymptotic forms of Bessel function, Jν (x) ∼
√
2
xpi cos (x− 1/2 ν π + 1/4 π) and
Jν (x) ∼
√
2
xpi sin (x− 1/2 ν π + 1/4 π) for x >> 1, Jν (x) ∼ (1/2 x)
ν
, Nν (x) ∼ −1/π (1/2 x)−ν for x << 1, the
probability density assumes the simplified forms (and independent of the sign of k):
|ψm (0)|2 ∼ 4m
2
π (ε2 + 4m2)
, m >> |k|; (16)
|ψm (0)|2 ∼ 2m|k| (ν + 1)2
(
m
|k|
)2 ν
, m << |k|; (17)
where ε2 = k2 (4 + 2 ν)2 The choice of the sign of k has to be correlated with the matching condition across the
singular domain wall source.
4FIG. 1: Profile of the potential (11) as a function of z for k < 0 with ν << 1.
A. General forms for the gravitational potentials in p = 6 case
1. First case: “Box”−like potential
In the first case, which relates to k < 0, the problem is similar to that of a particle trapped into an infinite box
up to a delta function that we use to impose boundary conditions — See Fig. 1 — which massive modes solution of
the Schroedinger-like problem is given by (12), taking into account the adjustment of parameters. Our analysis takes
place in two distinct regions, where we obtain the probabilities for existence of gravity with continuous mode on the
brane at z = 0. The boundary conditions of the potential applied to the wavefunction, Eq. (12),
ψm
(
1
k
)
= 0, z > 0; ψm
(
− 1
k
)
= 0, z < 0 (18)
allows us to determine how the parameter ǫ is related to the graviton masses, i.e.
m2 ∼ ε
2
4

 Jν
(
m
|k|
)
Jν+1
(
m
|k|
)


2
. (19)
For |k| ≪ 1, in the asymptotic regime the solution of the Eq. (19) is approximately given by
2
mε
= tan
(
m
|k| −
(2 ν + 1)π
4
)
⇒ m2 ∼= ν
2 π2 n2
4
, n = 1, 2, 3... . (20)
The set of discrete states obtained, however, may be replaced by a continuous treatment for |k| ≪ 1, such that∑
n →
∫
. The correction to the four-dimensional Newtonian potential generated by the massive modes, is given by
second term of the Eq.(15). Consequently, it is necessary to divide this integral into two regions
δV (r) ∼ M
−3
5
r
(
2
|k| (ν + 1)2
∫ 1
rc
0
m
(
m
|k|
)2 ν
e−mrdm+
∫ ∞
1
rc
4m2
π (ε2 + 4m2)
e−mr dm
)
, (21)
where we define the value rc = 1/|k|. In the first case, the general result is given in terms of the a confluent
hypergeometric function of the first kind, such that
δ V (r) ∼ e
− rrc
M35 r
(
2
rc
1F1(1; 2 ν + 3;
r
rc
)
(ν + 1)
2
(2 ν + 2)
+
1
π r
)
+
f(ν)
[
sin
(
f(ν)
2
r
rc
)
Ci
(
f(ν)
2
r
rc
)
− cos
(
f(ν)
2
r
rc
)(
− 12 π + Si
(
f(ν)
2
r
rc
))]
rc r πM35
, (22)
where f(ν) = 4 + 2 ν. For α ∼ O(1/rc) (ν = real integer number), the first term in (22) generates the following class
of potentials
δV (r) ∼ r
2ν+1
c
M35 r
2ν+3
, (23)
5which reproduces the same behavior of Randall-Sundrum scenario [1] as ν → 0. On the other hand, for the crossover
scale being very large, i.e., rc → ∞ the second term in (22) is dominant and for small distances, i.e., r/rc ≪ 1 we
obtain the following form
V (r) ∼ f(ν)
2 r rcM35π
(
f(ν)
2
r
rc
(
γ + ln
(
f(ν)
2
r
rc
))
− f(ν)
2
r
rc
+
1
2
π +O(r2)
)
, r << rc. (24)
Notice that, at this limit the potential has the correct 4D Newton’s law with 1/r scaling.
Finally, for large distance, i.e., r/rc ≫ 1, the second term in the potential Eq. (22) gives
V (r) ∼ 2
r2M35 π
, r >> rc, (25)
that recovers the laws of 5D gravity [2, 3].
2. Second case: “Barrier”−like potential
Now, the analysis returns to the equation (9). In the second case, this a δ−like potential problem, which come in
two forms: for k > 0 values in the potential (11), or in the extreme case where α
2
k2 ∼ 34 . Now, we have the reduced
form U(z) = 3 k δ(z) in this case — See Fig. 2. The probability density for the massive modes is given in terms
FIG. 2: Profile of the potential (10) as a function of z for k > 0, or α2 = 3/4 k2.
of the scattering states governed by |ψm (0) |2 that depends on the magnitude of the transmission T or reflection R
coefficients (as can be seen in the Ref.[5]). As usual, the jump condition at z = 0,[
d
dz
ψm (z)
]
z=0
= −3 k ψ(m) (0) (26)
is obtained from the Schroedinger-like equation by using the properties of the delta function. We now consider the
general wave functions for scattered states in the form
ψ1m (z) = e
i κ z +R e−i κ z, z < 0
ψ2m (z) = T e
i κ z, z > 0 (27)
where κ is the wave number. The simplified form for the probability density in this case is
|T |2 = |ψm (0)|2 = 4m
2
9 k2 + 4m2
. (28)
The correction to the four-dimensional Newtonian potential generated by the massive modes, is given by [1]
V (r) =
M−35
r
|ψ0(0)|2 + δV (r), (29)
6Now, all the contribution to the Newton’s law arises from the continuous massive modes on the brane such that we
have
V (r) = δV (r) =
M−35
r
∫ ∞
1
rc
4m2
9 k2 + 4m2
e−mrdm, (30)
where we define the crossover scale rc = 1/|k|. This is due to the fact that there is no zero mode in this case.
For the crossover scale being very large, i.e., rc → ∞, using the relation Ei(i x) = Ci(x) + i [−1/2 π + Si(x)], where
Ci(x) = − ∫∞
x
cos t/t and Si(x) = − ∫∞
x
sin t/t, the integral above turns
V (r) ∼ 3
2 r rcM5
3
[
sin
(
3
2
r
rc
)
Ci
(
3
2
r
rc
)
− cos
(
3
2
r
rc
)(
−1
2
π + Si
(
3
2
r
rc
))]
, (31)
which corresponds to the real part of the result of the integration (30). For small distance, i.e., r/rc ≪ 1 we obtain
the following form
V (r) ∼ 3
2 r rcM35
(
3
2
r
rc
(
γ + ln
(
3
2
r
rc
))
− 3
2
r
rc
+
1
2
π +O(r2)
)
, r≪ rc. (32)
As we have found, in the previous cases, at short distances the potential has the correct 4D Newtonian 1/r scaling.
On the other hand, for large distance, i.e., r/rc ≫ 1, the potential in Eq. (31) gives
V (r) ∼ 1
r2M35
, r≫ rc, (33)
which naturally signalizes a 5D gravity behavior [2, 3].
3. Third case: The extreme case where α2 << k2 (or ν ∼ 3
4
)
The potential (11) now reduces to general form
U(z) =
3
4 (1/k + |z|)2
+ 3 k δ(z), (34)
which is a specific case of the Bessel-like equations. The correction to the four-dimensional Newtonian potential
generated by the massive modes, is given by second term of the Eq.(15). Consequently, it is necessary to divide this
integral into two regions
δV (r) ∼ M
−3
5
r
(
32
49 |k|
∫ 1
rc
0
m
(
m
|k|
) 3
2
e−mrdm+
∫ ∞
1
rc
4m2
π (ε2 + 4m2)
e−mr dm
)
, (35)
where ε = 11/2 |k| and we define the value rc = 1/|k|. For the crossover scale being very large, i.e., rc → ∞, using
the relation Ei(i x) = Ci(x) + i [−1/2 π + Si(x)], where Ci(x) = − ∫∞x cos t/t and Si(x) = − ∫∞x sin t/t, the integral
above turns
δV (r) ∼ − 8
49M35
(
49
8
e−
r
rc
π r2
+
4 e−
r
rc
r2
+
10 rc e
− r
rc
r3
+
15 r2c e
− r
rc
r4
− 15
√
π rc
5/2
2 r9/2
erf
(√
r
rc
))
+
11
4 πr rcM5
3
[
sin
(
11
4
r
rc
)
Ci
(
11
4
r
rc
)
− cos
(
11
4
r
rc
)(
−1
2
π + Si
(
11
4
r
rc
))]
, (36)
which corresponds to the real part of the result of the integration of the second term in (35). In this case, in addition
to the discrete gravitational modes checked to k < 0 (Eq. (20)), in the limit of the crossover scale is very small, i.e.,
rc → 0 (with the value ν ∼ 34 which means α ∼ B23 ∼ b2 ∼ 0), the first term in (36) is dominant and gives the
following answer
V (r) ∼ 60
√
π rc
5/2
49M35 r
9/2
, (37)
7where we use the relations erf (
√
x) = 1√
pi
γ
(
1
2 , x
)
and γ
(
s, xy
)
→ Γ(s), for y << x.
On the other hand, for the crossover scale being very large, i.e., rc → ∞ the second term in (36) is dominant, so
for small distance, i.e., r/rc ≪ 1 we obtain the following form
V (r) ∼ 11
4 r rcM35π
(
11
4
r
rc
(
γ + ln
(
11
4
r
rc
))
− 11
4
r
rc
+
1
2
π +O(r2)
)
, r << rc, (38)
and for large distance, i.e., r/rc ≫ 1, the term in the potential Eq. (36) gives
V (r) ∼ 1
r2M35 π
, r >> rc, (39)
that recovers the laws of 4D and 5D gravity, respectively.
III. CONCLUSIONS
In each case, in this paper, by considering massive graviton modes coming from a dimensional reduced brane
solutions from supergravity, we have shown that the gravitational potential corresponds to the usual Newton potential
which scales with (→ 1/r) at short distance and has a five-dimensional behavior scaling with (→ 1/r2) at large distance
compared with the crossover scale which depends on the parameter k chosen in several ranges worked in the present
analysis. In the regime of parameters considered here, we have a complete analysis of the emergence of gravitational
modes where there is no regime of repulsive gravity.
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